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Abstract

We introduce a flexible framework for the correct description of the solvation of biological macromolecules, the
dielectric field equation (DFE). The formalism permits the use of any combination of quantum mechanical (QM),
molecular mechanical (MM) and continuum electrostatic (CE) based techniques. For the CE region a method that
yields the electric field rather than the potential is outlined. The DFE formalism makes clear the need to consider
and to calibrate a dielectric boundary region surrounding the simulation system. The details of how to do this are
presented for the case of the Ewald summation method; the effects are demonstrated by calculations of the dielectric
properties and the spatially resolved Kirkwood G-factor, G (r), of TIP3P water. Computing the dielectric properties
of a multi-component system provides a sensitive method to better understand the solvation of biological macro-
molecules. Towards this goal a rigorous analysis of the dielectric properties of solvated biomolecules based on a
decomposition of the frequency-dependent dielectric constant (or susceptibility) of the full system is presented. The
meaning of our approach is investigated, and the results of a first application are reported. Using the method of
Voronoi polyhedra, the dielectric properties of the first two solvation shells and bulk water are compared by
re-analyzing a 12-ns trajectory of a zinc finger peptide in water [Loffler et al. J. Mol. Biol. 270 (1997) 520]. It is found
that the first shell behaves considerably different; in addition, there is a non-negligible contribution to the total
susceptibility of the system from coupling between the protein and the bulk water phase, i.e. the water molecules not
in the immediate vicinity of the solute. © 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

Over the last 20 years the field of biomolecular
simulation has evolved rapidly. After the initial
efforts to make (classical) molecular mechanical
(MM) force fields work even for biomolecular
systems, the second decade has seen the results in
the form of a large number of important and
insightful applications. Algorithmic developments
and the continuous increase of computer power
constantly extend the limits of what is possible.
For isolated biomolecules without solvent simula-
tions in the microsecond regime are now practica-
ble. These biologically relevant time scales are
still beyond reach when solvation is treated at the
full atomistic level of detail; the current state of
the art is <50 ns. Therefore, any simplification
which lowers the computational cost of describing
biomolecular solvation is highly welcome. This
explains the appeal of implicit (or partially im-
plicit) solvation models, i.e. approaches in which
explicit solvent molecules are replaced by a di-
electric continuum [1-3]. However, the trade-off
between gain in efficiency and loss of detail has to
be weighed carefully. While continuum elec-
trostatics (CE) based methods are usually suffi-
ciently accurate at some distance away from the
solute, the vicinity of the solvated biomolecule
often requires an explicit treatment of at least the
first solvation shell [4].

Consequently, biomolecular solvation is often
described by a combination of explicit atomistic
and implicit continuum models [5-7]. Mixed ap-
proaches, however, always pose the problem of
having to tune or calibrate the different computa-
tional techniques. The situation is even more
complex since nowadays quantum mechanical
(QM) computations of core regions, such as the
active site or co-factor of a biomolecule, are quite
frequent [8-10]. Furthermore, QM calculations
are often augmented directly by implicit solvation
techniques as well [11-14]. Therefore, we really
face the task of combining up to three distinct
regions as illustrated in Fig. 1: a QM inner core,
an MM region consisting of the biomolecular
matrix, possibly including explicit solvent (water)
shells, and a region in which CE is used. It would
be helpful to have available one theoretical for-

water: MM or CE
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Fig. 1. Schematic representation of the methodological diver-
sity that may be required for an accurate description of a
protein in aqueous solution. A region of special interest, e.g.
the active site, is treated quantum mechanically (QM); for the
remainder of the protein, molecular mechanics (MM) is used.
The solvent (water) is described by MM and/or continuum
electrostatitics (CE). The simulation system (the inner box),
consisting of QM, MM and CE region is embedded in a
dielectric boundary that has to be considered as well (cf.
Section 2.1.6).

malism suitable for all three methods. A major
goal of this paper is to provide such a unified
description based on what we refer to as the
dielectric field equation (DFE). It constitutes a
framework on which further theoretical develop-
ments, as well as practical implementations, can
be based. An interesting consequence of the DFE
is the need to consider a boundary region (cf. Fig.
1) to, qualitatively speaking, ‘terminate’ the elec-
trostatic interactions ‘properly’. The details of
adjusting this boundary in combination with the
Ewald summation method [15,16] are given, and
illustrative simulation results are presented.
These methodological issues are closely related
to a better understanding of the biomolecule—
water interface. A spatial resolution of the dielec-
tric properties of the solvent, e.g. to compare the
behavior of individual solvation shells, should
prove insightful. Similarly, it is of interest to dif-
ferentiate between outer (more hydrophilic) and
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inner (more hydrophobic) regions of the bio-
molecule. The importance of dielectric properties
for stability and activity of proteins is well recog-
nized [17] since they determine the complex
charge screening occurring in protein and solvent
[18]. A recent article gave an overview of the
multiple important roles of electrostatic interac-
tions in biology and chemistry [2]. A number of
simulation studies investigating the dielectric
properties of biomolecules have been reported in
the literature; these include work by King et al.
[19], Smith et al. [20], Simonson and co-workers
[21-24], Yang et al. [25,26] and Loffler et al. [27].
Until recently, a fully worked out theoretical
basis for the computation of dielectric properties
from computer simulations existed only for homo-
geneous systems, i.e. molecular fluids. Solvated
biomolecules are multicomponent systems; the
presence of ions and of charged groups leads to
additional complications. Loffler et al. [27] showed
that potential problems resulting from this can be
avoided by systematically distinguishing between
contributions to the current (from charged com-
ponents) and contributions to the dipole moment
(from dipolar groups without net charge); the
theory was then successfully applied to a simula-
tion of HIV1 zinc finger peptide in water. Here
we extend the methodology of Loffler et al. [27]
to allow for an even finer decomposition of di-
electric properties. In addition, we use the oppor-
tunity to present a more concise derivation of the
theory and to carefully discuss the practical limi-
tations and the meaning of such a ‘dielectric
component analysis’. In an illustrative first appli-
cation, we combine the theory with the method of
Voronoi polyhedra to study the dielectric proper-
ties of the first two hydration shells of the HIV1
zinc finger peptide studied by Loffler et al. [27].
This paper is organized as follows. The theory
section begins with the introduction of the DFE
formalism and its application to QM, MM and
CE; then the need for a boundary region is de-
monstrated (Section 2.1). In Section 2.2, it is
shown how the boundary region can be calibrated
when using the Ewald summation method [15,16];
this section can be regarded as a specialized ap-
plication of the DFE. Section 3 contains the
framework to study and decompose the dielectric

properties of a biomolecule—solvent system; addi-
tional derivations are presented in Appendix A.
We also report two sets of recent results that
illustrate some of the theoretical considerations.
In Section 4.1 we compare two simulations of
TIP3P water with and without an adjusted dielec-
tric boundary as described in Section 2.2. In Sec-
tion 4.2 we report the dielectric properties of the
first two solvation shells of HIV zinc finger pep-
tide based on the simulation by Loffler et al. [27].
We conclude with a discussion of the results, as
well as several suggestions for additional refine-
ments and applications of the DFE formalism.

2. The dielectric field equation (DFE) — theory
and an application

2.1. Describing solvation using the DFE framework

In this section we present a unified theoretical
framework of biomolecular simulations in which a
combination of methods based on QM, MM and
CE is used. First, the DFE is introduced (Section
2.1.1). We then demonstrate that the formalism
fulfills a number of requirements that make it
appropriate for our purposes. As a prerequisite
for its applicability we show that the DFE can be
split into a sum of terms for different spatial
regions that coincide with regions of different
methodological description (Section 2.1.2). Next,
the DFE formalism has to be flexible enough so
that it can be adapted to QM, MM and CE. This
is investigated in detail in Sections 2.1.3, 2.1.4 and
2.1.5, respectively. An often overlooked, but im-
portant contribution of the boundary region is
studied next (Section 2.1.6), followed by a sum-
mary of the net equation for a system consisting
of a QM, MM, CE, boundary region, and, possi-
bly, an external field (Section 2.1.7).

2.1.1. Dielectric field equation (DFE)

Any interaction within and between molecules
is electrostatic in nature, and so we focus on the
Coulomb interaction

(=1, (1)
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While in QM this follows from the Elec-
trostatic Theorem [28], and while CE is exclu-
sively based on electrostatics, the various energy
terms of MM force fields (bond stretching, bond
angle, dihedral terms, van der Waals term, etc.) in
addition to Coulomb interactions may seem to
contradict this. However, these ‘non-electrostatic’
terms result from the parameterization procedure
that was carried out to avoid the full QM descrip-
tion. Furthermore, none of these terms cause
practical problems due to the short range of their
interactions. Nevertheless, we note that as far as
MM is concerned we shall restrict our considera-
tions to the explicit charge—charge, charge—di-
pole and dipole—dipole interactions.

In computer simulations one often deals with
an electrostatic potential modified by a screening
function S(r) because of, e.g. the finiteness of the
system; i.e. one has (in contrast to Eq. (1))

o) = ~5(7) )

Throughout this paper, when we speak of Cou-
lomb interactions and derived quantities (field,
forces, dipole—dipole tensor), we always include
the possibility of using Eq. (2) rather than Eq. (1).

A very general expression for the net electric
field E(7) acting at a point 7 (which we shall show
to be simultaneously applicable in QM, MM and
CE) is given by the convolution integral

E(?)=jvd7'{—€go(7— 7)p(F")

+T(F—7)P(7)) 3)

Eq. (3) is what we refer to as the dielectric field
equation (DFE)._The symbol p(r) stands for a
charge density; P(¥) is a dipole density; ¢(r) has
been defined in Eq. (2), and 7(7) is the dipole—di-
pole tensor (the double gradient of the respective
interaction potential)

T(7) = VVp(7). (4)

The DFE follows directly from classical elec-
trostatics as described, e.g. by Jackson [29]. (In

fact, Eq. (3) is the gradient of Eq. (4.31) of [29].
Nevertheless, it contains three important general-
izations. First, the bare Coulomb interaction (Eq.
(1)) may be replaced by its modified analogue Eq.
(2). Second, the respective densities p(7) and
P(¥) have a rather different meaning depending
on the type of method (QM, MM or CE) con-
sidered (this is investigated further in Sections
2.1.3, 2.1.4 and 2.1.5). Third, while in [29] the
integration is carried out over all space, the
volume of integration V' has to be specified de-
pending on the spatial or geometric boundary
conditions used to make the DFE compatible
with computer simulations, e.g. for periodic or
toroidal boundary conditions (TBC), V is the
volume of the central simulation box.

The convolution integral in Eq. (3) reflects the
non-locality of the electric field. One can achieve
locality, however, by Fourier transformation to
reciprocal l;-space:

E(K) = (= V) (k) p(k) + T(K)P(K) (5)

with appropriate expressions for all quantities

0 = 4, E(erar 6)
p(k) = Il/fvp(F ek rdr (7
B(E) = 4 Perar )
T(k) = fo(?)eiE'7d7 (9)

Eq. (5), together with the definitions in Egs.
(6)-(9), is the DFE in reciprocal space. In pass-
ing, we note that the k=0 limit of the above
equations is equivalent to the global properties of
the system, i.e. the spatial averages.

The various terms in Egs. (1)—(9) fall into two
groups with respect to time dependence. Clearly,
p(¥), P(¥) and E(7) depend on time, implicitly
since ©=r{¢), and also explicitly if an external
field E (7t) is present. On the other _hand, in
accord w1th QM and MM, the kernels ch(r -7)
and T(¥—7") are treated as time independent.
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Since in this section external fields are of minor
importance, and since molecular dynamics auto-
matically takes into account the implicit time
dependence of p(7), P(7) and, hence, E(F), we
ignore time dependence in the remainder of Sec-
tion 2.

2.1.2. Volume decomposition

A QM description of a system consisting of a
biomolecule (solute) and water (solvent) is im-
practical due to the computational effort in-
volved; even when MM force fields are used the
demands on computer resources quickly become
prohibitively high for larger systems. As discussed
in Section 1, this limitation is often circumvented
by a combination of methods. A typical situation
is depicted in Fig. 1, which schematically shows a
biomolecule in water. A small region of the pro-
tein is treated by QM while the major part is
handled by MM. The surrounding solvent is de-
scribed either by MM or by a combination of MM
and CE. In the latter case, one would treat the
first layers of water explicitly by MM; bulk solvent
is treated by CE [4]. The meaning of the boundary
region encompassing the simulation system is dis-
cussed in Section 2.1.6. This division into regions
is not primarily based on molecular components,
but rather on spatial criteria. Atoms in the active
site are handled differently than those in the rest
of the biomolecule; waters may be subjected to
MM or CE depending on the distance to the
solute.

For the DFE to be useful, it has to be decom-
posable into separate terms for each computatio-
nal technique employed according to spatially dis-
tinct regions (cf. Fig. 1 which was just discussed).
This can be shown to be the case as follows. Let
V; denote the volume of such a region; i.e. the
volume of the simulation system V becomes

V=3 V. (10)

Next, we introduce the three-dimensional step
function

(11)

1reV,
’7’

0rsV,

Multiplying the charge or dipole density with the
obvious identity

1=20,, (12)

a decomposition of p(7) and P(7) into regions of
uniform methodological treatment is readily
achieved, i.e.

ﬂﬂ=2ﬂﬂ (14)

where we have used the regionally confined den-
sities

pi(F) = p(NO, (¥) (15)

—

P(7) = F(9)0,, (7) (16)

Because of the linearity of the DFE, the addi-
tivity of the respective regional densities (Egs.
(15) and (16)) carries over into the DFE. Thus, we
have shown that the DFE can be written as a sum
of terms for different spatial regions. In practice,
the volumes V; will always coincide with regions

L

of uniform methodological description.

2.1.3. Quantum mechanics (OM)

In this and the following two subsections, we
define the meaning of p,(7) and P,(7) for the
three regions of particular interest, QM, MM and
CE. The Electrostatic Theorem [28] based on the
well-defined Born—Oppenheimer (BO) approxi-
mation [30], in combination with the
Hellmann—-Feynman Theorem [31], states that the
fields acting on the nuclei in a molecule are
determined by the Coulomb repulsion between
nuclear charges and the mutual attraction
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between nuclear charges and the electron density:

/pel(r) l" (17)

E(F) = -%,
) 7=l

J= 1|V1_VJ

Here the capitalized indices denote positions of
the nuclei, the index I on the gradient operator
indicates that the derivative is taken with respect
to nucleus I; Z is the nuclear charge, and p, is
the electron density. Comparing Eq. (17) with the
DFE (Eq. (3)) one obtains

pon (M = £Z,5(F~7,) = py(®. (18)
J

In the QM case, the charge density pqy(7)
consists of two contributions, the discrete charge
distribution of the nuclei and the continuous elec-
tron density. The difficult term is, of course, p,,(7),
which has to be computed for each nuclear
geometry with one of the numerous standard
quantum chemical methods [32,33]. We note that
if nuclei-centered basis functions are used, so-
called Pulay forces are necessary as well [34]. In
the quantum mechanical region a dipole density
PQM (¥) cannot be meaningfully defined.

2.1.4. Molecular mechanics (MM)

The force (i.e. the negative gradient of the
potential energy) is the central quantity of molec-
ular dynamics (MD), as well as of minimization
algorithms. It is related to the electric field E
acting on an atom i by

F(P) = q,E (7). (19)

This provides the connection between MM and
the DFE formalism. The MM contribution to the
field E is obtained by inserting the density of
partial charges

pan (M) = ¥ q;8(7—F) (20)
J

into the DFE (Eq. (3)).
It is sometimes advantageous to combine se-
lected charges into a neutral charge group with

dipole moment ;=3 ,q,7;,, in particular for
solvent molecules. Thus, one can also define a
dipolar density entering the DFE in the MM case

P () = L i;8(F 7). @1
J

Both pyy () and Py, (7) are, of course, de-
termined by the underlying force fields [35-37].

Eq. (21) is also valid for polarizable force-fields.
In this case the ,U,j are not simply the dipole
moments of charge groups, but there is an addi-
tional contribution i p, following from the set of
conditions

aU,
—Pl —0 forall j. (22)

aﬂj,Pol

In other words, the dipole density consists of two
contributions: a static permanent one due to the
partial atomic charges plus the induced one due
to dipole—dipole polarization [38—40].

2.1.5. Continuum electrostatics (CE)

As already mentioned in Section 1, we use the
term continuum electrostatics loosely for any ap-
proach in which an explicit solvent is replaced by
a dielectric continuum with a given dielectric
constant €,. Although other techniques exist, such
treatments are commonly associated with numeri-
cal solutions of the Poisson—Boltzmann (PB)
equation [1,41-45]. These methods have found
widespread applications and have extended our
understanding of biomolecular systems; for a good
overview see, e.g. Honig and Nicholls [2]. At the
same time, approaches based on numerical solu-
tions of the PB equation provide examples of the
difficulties which arise when one attempts a com-
bination with QM or MM-based methods. First,
numerical differentiation is required to obtain the
forces (i.e. the electric field), rendering in particu-
lar the combination with MD somewhat cumber-
some. Second, instead of utilizing the precise
positions of the charges in the non-CE region(s),
they are distributed over the volume elements of
the mesh. Third, no generalization to a modified
Coulomb potential as described in Section 2.1.1
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(Eq. (2) vs. Eq. (1)) is possible, presenting a
separate difficulty concerning the adjustment to
other regions.

In the remainder of this subsection we outline
a CE approach which avoids some of these
(potential) pitfalls. We first have to make clear
the meaning of the charge density pc () and the
dipole density P..(¥) in the CE region. While
pcg(F) represents the net charge distribution of
the cavity containing the QM and/or MM re-
gions, i.e.

pce(F) = pom () + pru () (23)

P..(7) is the dielectric polarization of the CE
region. It is related to the electric field via a
non-local, constitutive relation

Poe(P) = [ x(F=F)EGr. 4

The kernel of this convolution in space is the
susceptibility y(F—7"). Note that E(7) is the
electric field of all regions (QM, MM and CE)
acting in the CE region. The susceptibility is
related to a generalized dielectric constant (DC)
or, more precisely, a dielectric response function
e(r—71") by [29]

Sy £ 7')4—775(7— 0y 25)

Fourier transformation makes the gonstitutive
relation (Eq. (24)) local in reciprocal k-space:

P () = 2 OE®) - EE " Lg @y o)

As already mentioned in Section 2.1.1, the
global, spatial averages correspond to the k=0
limit. For the dielectric polarization this spatial
average is found to be the net dipole moment M
divided by the net volume, i.e.

<~

P (k=0) = Il/fvﬁ(?)d?= (27)

Analogously, the dielectric response function

ék=0)= [ e(dr (28)
V

reduces to the global DC of the system ¢,

é(k=0)=¢,. (29)

The last step makes clear the connection between
the susceptibility y(F—7") and y(k) defined by
Egs. (24) and (26), and the traditional concept of
a DC.

Eq. (3) and Eq. (24) form a coupled set of
integral equations from which the dielectric
polarization Pcg(¥) induced by the charge dis-
tribution p-g(¥) (Eq. (23)) can, in principle, be
computed. Using the corresponding equations in
reciprocal space (Eq. (5) and Eq. (26)), one can
readily obtain the formal solution

-1
P (K) - {1 - E(IZ;T(k)}
(= Ve ) (k) (k) (30)

where I is the unit tensor.

For Eq. (30) to be useful, however, one needs
to have information about &(k). To continue, we
(have to) assume locality of the dielectric re-
sponse function in real space

e(r—r) =e(s(r—r"). (31

Inserting Eq. (31) in Eq. (24) yields a local closure
relation in real space

e -1

—4—E® (32)

Pe(P) =

This last equation combined with the DFE (Eq.
(3)) gives an approximate integral equation for
the dielectric polarization PCE(?)

Py = <=1

/d { 6@(7—7’)/)(;];(7')
- T’(?— P P (7)) (33)

To solve Eq. (33), the following two steps are
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necessary: first, the field originating from the
cavity charge distribution pcg(7) defined by Eq.
(23),

E () =— [V A7 Ve (7 —7) peg (7)), (34)

is a constant input with regard to the computa-
tion of P.y(F). Second, the singularity of the
T-Tensor at the origin

lim T(7) = ——5(H)I (35)
[F1—=0

has to be taken into account when evaluating the
second half of the integral in Eq. (33). Thus, one
obtains the final integral equation for the dipole
density Py (7)

o 3 eM—1(=,, ..
R {Eo<r>gno
<) d?’f(?—?’)ﬁCE(F’)} (36)
|F—7> o

where the limit makes clear the exclusion of the
infinitesimal volume centered about the origin.

Eq. (36) can be solved by a combination of fast
Fourier transform and iterative techniques (S.
Boresch and O. Steinhauser, to be published). In
practical applications one would set € of the
cavity (the region described by MM and /or QM)
to some low value corresponding to the high
frequency optical DC (which accounts solely for
the electronic polarizability), and to the DC of
water outside, completely analogous to PB meth-
ods.

2.1.6. Boundary region

So far, we have shown how the three computa-
tional methodologies (QM, MM and CE) con-
sidered here fit into and are described by the
DFE framework. As discussed, Fig. 1 illustrates
how they might be combined for the study of a
solvated biopolymer. However, we have also de-
picted a region which surrounds the actual simu-
lation system. To investigate whether such a
boundary region is needed, we first give some
plausibility arguments; then we show based on

Maxwell’s equations that a description without it
would not be complete.

In contrast to all other regions discussed so far,
the integration vector 7’ in the DFE (Eq. (3)) is
not confined to a finite volume for such a
boundary region. This suggests that for the
boundary the following approximation is ap-
propriate:

[F=7 =17 (37

Inserting this into the DFE leads to
Eppp = /f(?— #)P()dr
~ ff(f')ﬁ(mdf', (38)

i.e. the boundary region contributes a constant,
spatially homogeneous field. Since the simulation
system contains all relevant charges in its QM
and MM part (cf. Sections 2.1.3 and 2.1.4), it
suffices to consider the dipole density for the
boundary region.

However, the inconspicuous integral on the
right hand side of Eq. (38) requires some care. It
involves the integration of a long-ranged dipolar
interaction over all space except for the inner
core that is treated specifically by QM, MM
and/or CE methods. The interaction decays as
1/r® whereas the volume element of integration
grows as r>dr. The proper way to evaluate the
integral is as follows. One starts with a finite
volume V), and scales it by some parameter A, i.e.
V= AV,. The integration is carried out over this
instantaneous volume and only afterwards the
limit is taken, i.e.

TGEY PGP (39)

.
Eon= hm
AV,

Due to the long-range nature of dipolar interac-
tions, however, this limit is not unique, but de-
pends on the shape of the initial volume ¥V}, [46].

The procedure just outlined is equivalent to the
computation of the k =0 Fourier component of
the field, E(k = 0). Therefore, the qualitative con-
sideration presented in the previous paragraph
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suggests that there is an arbitrariness in the k=0
Fourier component of the electric field, which
cannot be resolved solely on mathematical
grounds. This remaining mathematical arbitrari-
ness is the underlying reason why a boundary
region is required. To distinguish it from spatial
or geometric boundary conditions (e.g. TBC),
which are a common element of MD and Monte
Carlo simulations, we refer to the boundary re-
gion also as the dielectric boundary conditions.
Calibration of this dielectric boundary has to be
based on physical considerations. A practical ex-
ample of this for an important, special case (Ewald
summation) is discussed in detail in Section 2.2
and pertinent simulation results are presented in
Section 4.1.

The argumentation given so far has been quali-
tative. The possibility and need for a spatially
homogeneous field contribution from the
boundary region can be rationalized more exactly
as follows: Irrespective of all possible or neces-
sary decompositions into regions of different
methodological treatment, the net electric field
has to obey the Maxwell equations (cf. Jackson
[29] for the special form used)

V-E(7) = —477{6.1?(7) - p(7)} (40)
V X E(¥) = 0. (41)

Since E(F) is a particular solution of these
inhomogeneous partial differential equations, one
can always augment it by a contribution from the
corresponding homogeneous equation [47]

V-E(¥) =0 (42)

that simultaneously fulfills Eq. (41). This is true
regardless whether one considers an infinite sys-
tem or a finite system under TBC. Clearly, a
spatially homogeneous field as suggested by Eq.
(38) fulfills Eq. (41) and Eq. (42).

2.1.7. Net equation and external field

Finally, we allow for the possibility that the
whole system is exposed to an external electric
field. The most general form of E(F) consists,
therefore, of the sum of all regional fields, the

homogeneous contribution of the boundary re-
gion E, . and the external field E;

E(F) = L E, () + Eyop + E, (43)
with the regional fields

E, (P = [ dF{=Vo(r—7)p ()
vV

L=

+T(r =) P() (44)

originating from the respective regional charge
and dipole densities discussed in Sections 2.1.3,
2.1.4 and 2.1.5. Note that the volume of integra-
tion for the regional contributions to the field is
the full volume V" as discussed for Eq. (3), not just
that of the respective region.

2.2. Adjustment of dielectric boundary conditions

In Section 2.1.6 the need to embed the simula-
tion system in a boundary (cf. Fig. 1) was shown
to be one element of a more correct description
of solvated systems. We consider this step as the
adjustment of dielectric boundary conditions,
which should be distinguished from geometric or
spatial boundary conditions, such as TBC (cf.
Section 2.1.6 and [47]). When using the Ewald
summation, which is rapidly becoming the method
of choice to simulate solvated biomolecular sys-
tems [48,49], this calibration is straightforward to
accomplish. The full details have been published
by Boresch and Steinhauser [50]; here we give a
shortened summary that emphasizes how the ad-
justments follow from and fit into the DFE
framework.

The Ewald potential [15,16], aside from con-
stant terms that do not contribute to the electric
field, can be written in the form

P () = 7Sy (1) = 1| erfenr)
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+ry 4—7726(”‘2/4"2%05(%-7) ,
k#0
(45)

which reflects that it is an example of a modified
Coulomb potential as discussed in Section 2.1.1.
Eq. (45) is a particular solution of the Poisson
equation under periodic or toroidal boundary
conditions (TBC) [47]. The parameter n controls
the relative weight of the two terms; 7 is a Carte-
sian position vector; r is an inter-particle dis-
tance, and V' is the volume of the central simula-
tion box. For an introduction to the method, see,
e.g. Allen and Tildesley [16]. The sum in Eq. (45)
runs over discrete reciprocal lattice vectors k =
Qmn,/a, 2mwn, /b, 27n,/c), where a, b and ¢
are the dimensions of the simulation box and n,,
ny, n,=012,....

The development given in Section 2.1 leading
to Eq. (43) makes clear that ¢y, can always be
augmented by

@DEW,hom(?) = _?'E—)hom' (46)

Since Ehom is intimately related to the k =0
term of the DFE (cf. Eq. (5)) as discussed in
detail in Section 2.1.6, we need to consider the
properties of the term T(k = 0)P(k = 0). From
Eq. (27) we have P(k = 0) =M /V, and it can be
shown that for isotropic systems the 7T-tensors of
the modified Coulomb potentials commonly used
in MD simulations (cutoff, reaction field, Ewald)
are a multiple of the unit tensor in the k= 0 limit
[51-53]. Therefore, a suitable choice for Ehom is
an expression analogous to a spherical reaction
field (RF) [16,54]

47 M

Ehom = T)‘RFV = ERF 47
with

2(egp — 1)
ARp = Do 71 (48)

Here egp is the (formal) DC of the surrounding
medium (the boundary region of Fig. 1) giving
rise to the RF; however, IV and M are the volume

and the net dipole moment of the simulation
system as opposed to the volume and dipole mo-
ment of a sphere with cut-off radius r, centered
on the reference particle in the traditional spheri-
cal RF [16,54]. While the field ERF fulfills TBC,
the corresponding potential (Eq. (46)) does not.
Nevertheless, since periodicity of the field is the
physically relevant condition [47], Eq. (47) is a
valid functional form for E, . in Eq. (43) that
can be added to the standard Ewald potential, as
first proposed by de Leeuw et al. [15].

This, in principle, well known result forms the
basis on which the adjustment of dielectric
boundary conditions relies. However, upon
proceeding one has to take into account that the
Ewald summation already contains an intrinsic
RF, Eg}}; wom» Which can be shown to be [52]

EfomEw = 4T7T Aew % (49)
with

Aoy (nr) = [[4mrar( L) e

ew (0,7, /;47Tr dr( \/;) e . (50)

The upper limit of integration, r., is the cutoff
radius used in the calculation of the real space
part of the Ewald sum (first term of Eq. (45)). The
parameter Agy, which typically has values very
close to unity for reasonable choices of 1 and r,,
can be related to a formal Ewald DC egy, of the
boundary region by the following transformation
of variables

2+ A
EEW(”I),VC) = 2(1_—)2;) (51)
or vice versa
2(epy — 1
Apw = 2€py +1 (52)

Comparison of Eq. (52) with Eq. (48) makes
clear the formal similarity of Apy, and Agp and
justifies the interpretation of E;f;‘;l sw as a RF.
Eq. (52) maps the interval 0.95 < Ay <1 onto
the range 30 < gy, <. For a proper choice of n
and r, one has Agpy =1 and egy = . Since an
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infinite DC corresponds to a conducting medium,
such as a metal, this case is often denoted as
tinfoil or conducting boundary conditions. Thus,
in standard implementations of the Ewald sum-
mation the RF due to the dielectric boundary
corresponds to a DC €, = €gy = ® since Ehom
= Epnr cw- This well established result demon-
strates that the absence of an explicit term for
EhOm in the method used to compute the Cou-
lomb interactions (i.e. the Ewald summation in
this case) is not equivalent to having omitted or
avoided the dielectric boundary conditions. In
addition, note that eg, and, consequently,
E}‘l‘})‘;1 gw are determined by the two simulation
parameters m and r, and not by physical con-
siderations.

Any physically meaningful boundary region
should provide a smooth transition from the
atomistic description in the simulation system to
the continuum description of the surrounding
medium. Thus, when averaging the atomistic, spa-
tially inhomogeneous field acting in the simula-
tion cell, the resulting macroscopic field should
correspond to the intrinsic DC ¢, of the simu-
lated system itself. Once one understands the
intrinsic contribution of tge Ewald method, it is
straightforward to adapt E,,, to the more physi-
cal situation e, = €%, = €,. One combines the
(unphysical) contribution intrinsic to the Ewald
method, E;f;t; ew» With an additional, explicit RF

— dar M

Ega= T)\addv (53)

that can be used for calibration. Overall, there is
an effective reaction field

ol € mitr 47T S ]\Z
Ehom Ehgfm EW Ehotm JEW + E 3 )‘Ef{’\/ v
(54)

Since all terms in Eq. (54) have the functional
form of a RF, the effective field strength Ay, =
A#y, 1s given by

2(«5EW -1 2(egll, — 1)

eff _ —
AW = ey 1 M T e

(55)

where eg, is the effective Ewald DC. In contrast

to Agw Or, equivalently, egy, which are functions
of n and r,, A, is a freely tunable parameter,
and ef, can be adjusted to values selected on
physwal grounds. For the particular choice €2}, =
€, and ideal tinfoil conditions (Agy =1) the
strength A,,, of the additional RF E,  ; is given
by

3

/\add == 260 +1 (56)

Eq. (53) combined with Eq. (56) allows one to
adjust the dielectric boundary conditions of a
simulation in which Ewald summation is used to
efN, = €,, ie. the dielectric constant of the
boundary region is the same as that of the simu-

lated system.
3. Decomposition of dielectric properties

In this section we show how dielectric proper-
ties of biomolecular systems can be analyzed
based on a decomposition of the k = 0 limit (see
below) of the frequency-dependent DC e(w) or
of the frequency-dependent susceptibility y(w),
which are related by

drx(w) =¢(w) —1. (57)

Aside from an outline of the theory, the em-
phasis of this section is on how such a ‘dielectric
component analysis’ has to be understood and
interpreted. The detailed derivations based on
linear response theory (LRT), including the gen-
eralizations necessary for additional ionic compo-
nents, can be found in Appendix A.

In the derivation and discussion of the DFE
(Section 2.1) explicit time dependence was of
minor importance since the focus was on internal
molecular fields, i.e. the intra- and intermolecular
interactions in the simulation system. The dielec-
tric properties of biomolecules in solution can be
measured as the response of the system to an in
general time-dependent external field. Analo-
gously, the theoretical formalism (i.e. LRT) used
to study dielectric properties is based on a time-
dependent external field (even though no such
field may be present in the actual simulations



54 S. Boresch et al. / Biophysical Chemistry 78 (1999) 43—68

[16]). Thus, in the following we have to take time
dependence into account explicitly.

The heterogeneity of solvated biomolecular sys-
tems suggests to search for a decomposition of
the overall dielectric properties, i.e. to define DCs
for various regions of interest of both solute and
solvent as depicted in Fig. 2. In this illustration,
we distinguish between inner and outer regions of
the protein (hydrophobic core vs. more hy-
drophilic surface), as well as the first two solvent
layers as opposed to bulk water. We stress that
regions of particular interest during analysis in
general do not coincide with the regions of dif-
fering methodological treatment in the DFE for-
malism; i.e. the meaning of Figs. 1 and 2 should
be carefully discerned. However, there is an even
more fundamental difficulty with any approach
based directly on Fig. 2. One sees this immedi-
ately when considering the most general defini-
tion of the dielectric susceptibility [46]

P(F0) = [ x(F=7 6 —)EG 1)drde’. (58)
4

Eq. (58) is the generalization of Eq. (24) if time
dependence is important, as is the case here. The

bulk

first shell

second shell

Fig. 2. Regions of interest for understanding the dielectric
properties of a solvated protein. In the example shown, the
hydrophobic core, outer regions of the protein, two solvation
shells and bulk water are distinguished.

non-locality of y(¥—7", t —¢') makes it impossi-
ble to use regional susceptibilities defined in
analogy to the regional charge and dipole densi-
ties of the DFE framework (Egs. (15) and (16));
i.e. in general, one cannot write

x,(7) # x (1O, (7). (59)

To make y(¥—7", t —t') local, one has to carry
out a Fourier transformation in both space and
time, leading to the generalization of Eq. (26)

P(K,0) = ¥(K,0)E(k,0). (60)

In k- -space component-specific, individual sus-
ceptibilities y.(k,w) which add up to the net
susceptibility of the system can be introduced
without any ambiguity; i.e.

7k, 0) = Z_;G(E,w) (61)

In principle, this decomposition of the suscepti-
bility or dielectric properties may proceed up to
any granularity, provided the respective compo-
nent behaves like a dielectric material. The most
interesting quantity is the k£ = 0 term which corre-
sponds to the global (spatially averaged) quanti-
ties; therefore, in the following we shall only
consider y(k =0,0) = y(w) and, similarly, )(l(k
= 0,0) = x,(w). Nevertheless, this k=0 limit
should not be confused with locality in r-space.

The origin of the non-locality of component-
specific susceptibilities becomes clear from the
full statistical mechanical derivation presented in
Appendix A. There, the exact definition of a
component DC ¢; is given by Eq. (84) which is
related to x; by Eq. (57). All derivations in Ap-
pendix A are based on Ewald summation with
adjusted dielectric boundary conditions (cf. Sec-
tion 2.2). Since the emphasis of this section lies
on understanding the meaning of x; and on work-
ing out its essential features, we specialize to
conducting boundary conditions (i.e. we set €f,
= in Eq. (84) of Appendix A). In this case
(which corresponds to the most frequently used
dielectric boundary condition in practical calcula-
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tions) the component-specific susceptibility sim-
plifies to:

x(0) =) x,(w) (62)
j

with the pair susceptibility x;;(w) given by

1 .
Xij(w)zml‘[_q)ij]' (63)
Here k, is the Boltzmann constant, 7 the tem-
perature, and ®,;(¢) is the time correlation func-
tion between the total dipole moments M (¢) and
M (¢) of two respective regions cons1dered ie.

D, (1) = (M0)-M,(1)). (64)

The symbol L[f] denotes the Fourier—Laplace
transform of the function f

Lif]= f:dte-iwff(z) (65)

and f(r)=df/dr as usual.

One sees from Eq. (62) that even in k-space
there is coupling between the formally additive
dielectric components y.(k = 0,w) defined by Eq.
(61). Each y; contains a self-term y; whlch
comes from the autocorrelation function ®;, a
well as cross-terms ;; related to the cross-corre-
lation functions ®;;. While there is exactly one
®,, per component susceptibility y;, the cross-term
contributions are shared among all components
considered. This becomes especially clear when
one specializes the general equation for a two-
component system consisting of, e.g. a protein
(label P) and water (label W). In this case the two
dipolar correlation functions of interest are

q)p(t) = q)pp(t) + q)pw(t) = <MP(O)MP(t)>
+(Mp(0)- My (1)) (66)
Dy (1) = Dy (1) + Py (1) = (M, (0)- My, (1))

+(Mp(0)-My, (1)). (67)

Both expressions contain the autocorrelation
contribution accounting for the protein—protein
and water—water dipolar correlations, respec-
tively, as well as a shared cross-term (MP(O)
Mw(t)> which describes the coupling between the
two spatially distinct regions. The susceptibility of
the protein y, (and, consequently, the DC of the
protein €p) contains a contribution which origi-
nates from the dipolar coupling between P and
W; the same term contributes to yy (€y). By
straightforward generalization (cf. also Egs.
(62)—(64)) it is clear that the susceptibility of a
specific region depicted in Fig. 2, e.g. the first
layer of solvent, contains coupling contributions
from all other regions.

Considering Egs. (62), (66) and (67) makes clear
that it is problematic to interpret a component
susceptibility x; as the intrinsic susceptibility of
this particular region. Instead, Eq. (61) allows one
to understand how individual regions contribute
to the total susceptibility of the system, i.e. to
permit some interpretation and understanding
what gives rise to the overall dielectric properties.
Furthermore, one gains insights into self-term
() compared to cross-term contributions
(d)l j.j=i) to @, and, thus, to the formal dielectric
components y; or € (cf. Eq. (62) and the previ-
ous paragraph).

The limiting case of infinite dilution behaves as
expected if the proposed decomposition (Eq. (61))
is understood as just described. Since the
Fourier—Laplace transform is linear, a compo-
nent susceptibility y; is always proportional to
®;; i.e. it follows from Eq. (63) that

o 3, (68)

We consider again the two component system
consisting of protein P and water W. As we go to
more and more dilute solutions, ®(¢) will tend
towards a limiting value independent of the
volume V; hence, lim yp — 0. Since the same is

)

true for the cross-term contribution to yy, the
only non-vanishing contribution is the water—
water self-term; in other words, the dielectric
properties of the system resemble more and more
those of bulk water, as expected.
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Differences in the time or frequency depen-
dence of the component susceptibilities x;(w) can
provide further insights into the overall dielectric
behavior of the system. The mobility of dipolar
components, such as bulk water, bound surface
water, and residues at the surface and in the core
of a biopolymer is expected to vary significantly.
If the differences in mobility are large enough,
they will result in a multi-modal frequency dis-
tribution of the overall dielectric susceptibility
x (). The formalism introduced here permits the
decomposition of y(w) into components as a
function of the frequency, and, hence, differences
in mobility are reflected in the frequency depen-
dence of these components y,(w). Therefore,
while the ‘dielectric component analysis’ pre-
sented here is not suited for a classification of
dielectric properties based on spatial regions, it,
nevertheless, allows one to understand the fre-
quency dependence of x(w) in full microscopic
detail.

4. Recent pertinent results
4.1. Adjustment of dielectric boundary conditions

4.1.1. Methodological details

The effects of choosing €ff], = €, compared to
esll, = o were studied by computing the dielectric
properties of the transferable interaction poten-
tial three point (TIP3P) water model [55]. In
particular, the behavior of the distance-depen-
dent Kirkwood G-factor Gy (r) was investigated.
TIP3P is one of the most often employed water
models in biomolecular simulations [36,37,56].
Surprisingly, different values for its static DC can
be found in the literature. Chipot et al. [57]
reported a DC of 96, whereas Simonson [58]
obtained a value of 82, using the microscopic
droplet model. A recent detailed study from our
group (in which, however, only tinfoil boundary
conditions were employed) found a DC of 97 [59].

The static DC ¢, of a homogeneous fluid can
be obtained from MD simulations based on Eq.
(80) of Appendix A (cf. also [50,51]). The spatial
resolution of dipolar correlations is of special
interest; for the case of a homogeneous dipolar
liquid, such as water, it is best described by the

spatial decomposition of the Kirkwood G-factor,
G (r), defined as

G () = (i M(r)) (69)

where

A

M) =Y & (70)

0

and (.(r) denotes a unit vector in the direction of
the dipole moment of molecule i. G (r) describes
the angular correlation of a reference dipole 4,
with all its peers within a sphere of radius r.
Intuitively, one expects that beyond some thresh-
old R, all dipolar correlations vanish and that
G (r) reaches a plateau value typical for a cont-
inuum region. This means that if one rewrites
G (r) as

—

G (r) = G¢(R,) + fRVﬁ-P(?)d?, (71)

the second term should not contribute. This will
be examined for the two types of dielectric
boundary conditions considered.

Since the majority of existing results for the DC
of TIP3P suggests a value close to 100, the dielec-
tric boundary conditions in the simulation with
the additional RF term were adjusted to this
value. Two simulations with (e, =100) and
without (eff, = %) the additional, explicit RF term
defined by Eq. (53) and Eq. (56) were carried out,
and the DC, as well as the r-dependent G-factor
G (r), were computed. The same self-written MD
program employed by Boresch and Steinhauser
[50] was utilized; most technical details of the
simulations were the same as described there.
Only calculations with a traditional implementa-
tion of the Ewald summation were carried out.
The length of the simulation was 3 ns in the case
of tinfoil boundary conditions and 1.5 ns for the
run with the adjusted boundary conditions.

4.1.2. Results

The dielectric properties of TIP3P water as
obtained from the two simulations described
above are summarized in Table 1. The two values
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Table 1
Dielectric properties of TIP3P water?

EW® EW-RF
' 100.(10) 106.(10)
T 6.1 5.9

“Results are corrected for the respective influence of the
dielectric boundary condtions.

°Obtained from simulations with tinfoil boundary conditions.
“Obtained from simulations with adjusted dielectric boundary
conditions.

4Static dielectric constant.

°Relaxation time of the system dipole moment in picoseconds.

for the static DC of TIP3P [100 without RF-term
(i.e. tinfoil boundary conditions) and 106 with the
RF-term (i.e. adjusted dielectric boundary condi-
tions)] lie well within the estimated statistical
error bars of 10, as they must, since computer
adapted dielectric theory [51] accounts for the use
of different dielectric boundary conditions. The
result is in good agreement with Chipot et al. [57]
and Hochtl et al. [59]. The relaxation times of the
system dipole moment (obtained from a mono-ex-

6-0 T T T

ponential fit of the dipole—dipole time autocorre-
lation function and corrected for the different
dielectric boundary conditions [51]) are 6.1 ps
(without RF) and 5.9 ps (with RF), respectively.

By contrast, the spatial resolution of Gy, i.e.
Gi(r), which is plotted in Fig. 3, reveals the
differences in dipolar correlations resulting from
the two choices of dielectric boundary conditions.
While in both cases the interaction of a water
dipole with its first, second and third coordination
shell can be seen at approximately 3.7, 6.0 and 8.5
A, respectively, there are large quantitative dif-
ferences. As seen from Eq. (71), one expects no
further correlation beyond a certain threshold,
such as the third coordination shell. However, in
the calculation with tinfoil boundary conditions
G (r) continues to rise. The simulation in which
e, = €,, on the other hand, is in line with expec-
tation. Beyond 10 A only minor fluctuations in
Gi(r) can be observed. Fig. 3 clearly demon-
strates that the use of tinfoil boundary conditions
leads to the presence of artificial dipolar density
P(r) beyond local structure (Eq. (71)). For the

5.0

Gy(r)

3.0 |

20

1.0 1 i 1 1
0.0 2.0 4.0 6.0

1 1
8.0 10.0 12.0 14.0
r/A

Fig. 3. The spatially resolved Kirkwook G-factor, G(r), of a system of TIP3P water as a function of the dielectric boundary
conditions used. EW (solid line) denotes tinfoil boundary conditions, i.e. eglf, = ®; EW-RF (dashed line) stands for the case

e, =100.
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fairly small system used here, differences between
the two dielectric boundary conditions are al-
ready discernible for the first solvation shell. This
influence on even local dipolar correlation be-
comes less pronounced for larger systems; the
asymptotic behavior for large distances, however,
remains.

In principle, the importance of dielectric
boundary conditions should be clear from the fact
that a computer-adapted dielectric theory is
needed in the first place [51]. However, the com-
putation of dielectric properties (of homogeneous
systems) from MD simulations works so well (cf.,
e.g. [50,60] and the results presented here) that
the role of the boundary may have become obs-
cured since the theoretical framework for the
analysis compensates the influence of the
boundary used during the simulation. Further-
more, tinfoil boundary conditions require no ex-
plicit term due to E,.., in the force calculation,
which might lead one to believe that no boundary
is present. We stress that € = <« corresponds to
one particular dielectric boundary condition as
revealed by the influence this choice has on G (r)
(see Fig. 3).

The present results, as well as those of Boresch
and Steinhauser [50], make clear the influence of
dielectric boundary conditions. Ewald summation
with tinfoil boundary conditions results in artifi-
cial dipolar correlations at large distances. We
stress, however, that it is, in our opinion, cur-
rently the best generally applicable method to
handle electrostatic interactions in computer
simulations using TBC. The calibration outlined
here requires some generalizations if ionic com-
pounds are present. In this case the straightfor-
ward application of Eq. (53) becomes problematic
since contributions of free charges g;7; to the net
dipole moment are discontinuous when an ion
crosses the surface of the basis cell and is sub-
jected to TBC [25,47]. We refer the reader to
Section 2.1.4 of Boresch and S;[einhauser [50] for
the details. Calculation of E,; based on the
current rather than the dipole moments as sug-
gested there need to be tested; then careful simu-
lation studies will be necessary to see whether the
differences in dipolar correlations also have struc-
tural (and/or dynamical) effects. Orientational

correlation functions (which are related to G (r)
[59] should provide a sensitive probe, and they
are equally applicable to multi-component sys-
tems [61].

4.2. Dielectric properties of the first two solvation
shells of a protein

4.2.1. Motivation

Loffler et al. [27] recently studied the dielectric
properties of a system consisting of a small pro-
tein (HIV1 zinc finger peptide), water and two
CI™ counter-ions. The frequency-dependent DC
contributions of the protein and of water, as well
as the conductivity of the ions were separated and
analyzed. It was found that the coupling of the
current (zinc plus the two CI™ counter-ions) to
the dipole moment of the other components was
very small and could be neglected in practice.
Thus, the results of Loffler et al. [27] essentially
correspond to the two-component model (protein
P and water W) used in Section 3 to illustrate
some of the theoretical considerations. For water
(eyw), the self-term resulted in a static DC of 44,
this value increased slightly to 47 if the cross-term
(coupling to the protein) was included. The same
cross-term also contributes to €, (Egs. (66) and
(67)); there the relative effect was much more
important: the static DC was 12 without coupling
and 15 with coupling, a difference of 20%.

Section 3 and Appendix A make clear that a
decomposition of dielectric properties need not
be restricted to large scale ‘natural’ boundaries,
such as protein and water, but can be made finer,
in accord with the inherent inhomogeneity of
biomolecular systems. For example, the proper-
ties of water bound to the surface of the protein
would be of interest since they are known to
behave quite differently from bulk water [62]. A
further subdivision of the solvent, e.g. into hydra-
tion shells of bound water and more flexible wa-
ter molecules outside, requires an appropriate
algorithm for spatial decomposition. Although a
number of concepts exist which describe the first
hydration shell by suitably chosen pair distribu-
tion functions [63], or which divide the biopo-
lymer into spherical shells about some center
[21-24], these methods introduce additional
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parameters with not always obvious physical
meaning. Furthermore, they do not cover the
entire space, but only some preferred regions.
The method of Voronoi polyhedra is an attractive
alternative, which is free of such parameters
[64,65]. It was applied in an earlier study from this
group which also investigated the properties of
surface vs. bulk water [62]. Among other related
quantities, Abseher et al. [62] computed the sin-
gle particle correlation function of the dipole
moment of water molecules in the first two solva-
tion shells. It was found that water in the vicinity
of the protein behaves very differently from bulk
water. The single particle dipole—dipole time cor-
relation functions are localized properties which
only depend on the immediate vicinity of the
reference particle. Since one can average over a
large number of particles, good statistics are eas-
ily obtained. This makes it a highly appropriate
quantity to distinguish between bound and free
water. However, it has nothing to do with the
highly non-local dielectric properties considered
here, which depend on the net dipole moment of
a spatial region including its coupling to all other
regions of the system. To illustrate the type of
results possible by a combination of the general-
ized theory presented in Section 3 with the method
of Voronoi polyhedra, we present here first data
of a re-analysis of the zinc finger—water system
described above [27] in which the dielectric
properties of the first two solvent shells were
compared to that of bulk water.

4.2.2. Methods

Our analysis is based on a 12-ns trajectory of
an 18 residue neutral zinc finger peptide [66] in a
periodic box (45 X 45 X 45 A) of 2872 SPC/E [67]
water molecules. The protocol for the MD simu-
lation has been described in detail in [27]. (In the
original study a 13.1-ns calculation was carried
out, but data equivalent to approximately 1 ns
were corrupted.)

The method of Voronoi polyhedra was used for
the decomposition of the solvent into solvation
shells and a bulk phase. It was carried out with
two programs from the ‘code-mbg’ library [65,68].
In accord with the results of the study by Abseher
et al. [62] discussed above, only the first two water

shells were treated separately; the remaining wa-
ters were considered as bulk. The shells were
constructed as follows. In a first step, all water
oxygens in contact with the protein were identi-
fied. Then, the Voronoi volumes for this first
water shell (including both oxygens and hydro-
gens) were computed. The second shell was de-
fined analogously as all waters in contact with the
first solvent layer.

The Voronoi analysis is quite time consuming,
so the trajectory was processed in increments of 1
ps; i.e. altogether 12000 data points were ex-
tracted. This is appropriate since the correlation
times of interest vary from apprroximately 10 ps
(water) up to > 2000 ps (protein) [27]. Denser
sampling would have resulted in a somewhat more
detailed resolution of the various correlation
functions for short times, but the most important
limitation is the insufficient length (!) of even a 12
or 13-ns trajectory.

To avoid some of these problems we also con-
sidered the contributions to the static DC, i.e. the
o =0 case. It can be obtained directly from Eq.
(63) using L[<i>l-j(w =0)] = (AZ-]\Z]). For this pre-
liminary analysis the various time correlation
functions ((I)ij(t) iMi(O)~A/gg)> of the regional
dipole moments M(¢) and M(¢), where i and j
stand for protein, first and second water shell,
and
bulk water, respectively, were least-square fitted
to a bi-exponential decay Aexp(—t/7,) +
A,exp(—t/t,), following [27]. Further manipula-
tions were based on these fitted functions; in
particular, all Fourier—Laplace transforms were
carried out analytically. (For some cross-correla-
tion functions, no meaningful fit could be ob-
tained; these cases are discussed in Section 4.2.3.)
Since the MD simulation used Ewald summation
with tinfoil boundary conditions [27], the compo-
nent susceptibilities were evaluated according to
Eq. (63).

4.2.3. Results

As just described, we investigated the dielectric
properties of four regions using the method of
Voronoi polyhedra in the present study: the pro-
tein (P), the first and the second solvation shell
(labelled S1 and S2, respectively) and the remain-



60 S. Boresch et al. / Biophysical Chemistry 78 (1999) 43—68

ing water, i.e. bulk (B). Both the static, as well as
the frequency-dependent contributions to the
overall susceptibility (or dielectric constant) of
the system were analyzed.

Table 2 lists all static properties (w = 0), the
pair susceptibilities x;; (obtained as described in
Section 4.2.2), the component contributions y;
(written in italics) and the overall susceptibility y
(in boldface). To facilitate the comparison with
the dielectric constant, all susceptibilities in Table
2 are multiplied by 47 (the connection between
susceptibilities and dielectric constants is given by
Eq. (57)). The sum of one row (or column) of
X;j-values is the respective component contribu-
tion y; (Eq. (62)). Similarly, the y,-components
add to the total susceptibility y of the system
(Eq. (61)). In addition, Table 2 contains the aver-
age Voronoi volumes of the four regions (right-
most column).

The first row (or column) of Table 2 lists the
four pair susceptibilities ( xp_p, Xp_s1> Xp-s2 and
Xp_p) that yield the contribution yp = 13.4 of the
protein to the overall susceptibility of the system.
The cross-correlations of the protein with the
shells are very small ( xp_¢; = —0.3 and xp_g, =
0.3) and can be neglected. Between the protein
and the bulk there exists a non-negligible cross-
correlation ( xp_p = 2.8) which amounts to 24%

Table 2

The static pair susceptibilities );;, component susceptibilities
x; and overall susceptibility y of HIV1 zinc finger peptide in
aqueous solution®

x; P S1° s B X' VE

P 106 —03 03 28 134 2510
S1 -03 23 03 05 28 6096
S2 03 03 39 14 59 11118
B 2.8 05 14 325 372 71399
X 134 28 59 372 593"

All susceptibilities are multiplied by 47 to facilitate compar-
ison to component DCs.

®Protein.

“First shell.

4Second shell.

“Bulk water.

!Obtained as the column or row sum of the Xij

®Average Voroni volumes of the components in A>.

"Sum of all component susceptibilities, i.e. y =2; x;.

of the self-term ( yp_p = 10.6). The magnitude of
the cross-terms is directly proportional to the size
of the time average (1\7[P -Mj>, where j =
{S1,S2,B}. Thus, the size of the contributions from
the three cross-terms reflects first that the dipole
moment of B is much larger than that of the two
shells. This is in agreement with the average
volumes of the three regions (rightmost column in
Table 2). On the other hand, it is interesting to
note that there is so little correlation between P
and the two shells; furthermore, xp_g, and xp_g,
exactly compensate each other.

All pair susceptibilities involving the two shells,
including the self-terms (i.e. x;,), are fairly small.
Nevertheless, a few interesting observations can
be deduced from Table 2. Coupling between the
two shells, as reflected by xg _g, is very weak
(0.3). Compared to the self-terms, the coupling of
S2 with B is slightly stronger than that of S1. Both
findings are in accord with the expected different
behavior of waters in the first shell compared to
bulk water. By contrast, little can be concluded
regarding the second shell from the static results
alone.

The bulk makes the dominant contribution ( x5
= 37.2) to the overall susceptibility of the system
(x=59.3). This is, of course, a consequence of
our decomposition approach. The bulk region oc-
cupies by far the largest volume; hence, its con-
tribution to y has the largest weight. Its relative
contribution would increase further for higher
dilutions, as it must (cf. Section 3). The non-
negligible coupling with the solute (the protein)
reflected by yp_y = 2.8 was already discussed.

The frequency-dependent pair and component
susceptibilities provide information about the dy-
namic behavior. To compute them in a straight-
forward manner, one has to be able to fit the
respective dipole moment time correlation func-
tions @, ;(¢) (Eq. (64)) to a functional form for
which the Fourier—Laplace transform (Eq. (65))
can be carried out analytically. As described
above, we so far have only attempted to model
the ®,(¢) by a bi-exponential decay. This worked
well for the self-terms @, (¢), but failed for sev-
eral cross-correlation functions. On the other
hand, the contributions to the static overall sus-
ceptibility x from the y;;,;.; were very small (see
Table 2), with the exception of the coupling
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between P and B. Since this one cross-term, which
obviously is of interest, could be fitted by a bi-
exponential function, we decided to ignore the
other cross-terms at this stage. We are aware that
it may not be fully justified to neglect coupling
between S2 and B (cf. Table 2), but this correla-
tion function could not be fitted to a bi-exponen-
tial function. Thus, in the following we consider
only the four self-term contributions yp_p(w),
Xsi—si{®), xs_so(w) and xp_p(w), as well as
the P-B cross-term, yp_ (o).

Since susceptibilities are essentially Fourier—
Laplace transforms, they always have a real and
imaginary part, i.e. y(w)= x'(w)+ix"(w). The
information contained in the two parts is equiva-
lent as can be seen from the Kramers—Kronig
relation [69]. In the present case the interesting
features are easier to distinguish in the imaginary
susceptibilities x;”(w). These are shown in Fig.
4. Since a number of details are difficult to dis-
cern at this scale, Fig. 5 contains a magnified view
of xsi-s1"(@), xs5-5,"(@) and xp_g"(w). The
spectrum of the total susceptibility x”(w), which
is also included in Fig. 4, shows two well-sep-
arated peaks. From the component spectra, one

can immediately distinguish between the maxi-
mum at lower frequencies (wp g, =2+107* ps™!)
resulting from the protein and the water peak
(w.max = 107" ps™1). One sees in Fig. 4 that the
protein peak in x”(w) is not only due to
Xp_p" (o), but is influenced by the protein—bulk
cross-term (short-dashed line in Fig. 4) as well.
This is reflected by an increase in height of the
protein peak in the overall spectrum y”(w) (thick
line) accompanied by a shift towards higher fre-
quencies compared to the protein—protein spec-
trum (long-dashed line). In Fig. 5 an enlarged
view of yp_p"(w) is presented; in this plot the
position of the maximum due to the protein in
the overall frequency-dependent susceptibility is
indicated as a thin solid line.

The decomposition of the water component
into bulk water and two solvation shells shows
that the contribution of bulk water dominates
both the magnitude of the peak, as well as the
location of its maximum. Inspecting the contribu-
tions of the two shells reveals that the location of
Xs1-si{on,,) is at significantly lower frequencies
compared to the bulk peak, so that even the total
water peak is shifted towards lower frequencies

18 T T T T T T

16 | —-—-P-P .
— S1-81

14 | —-— 82-82 J
S— B-B

----P-B
total

Fig. 4. Imaginary part of the frequency-dependent susceptibility Xi"/-(w) multiplied by 4. P stands for protein, S1 for the first, S2
for the second solvation shell, and B for bulk water. The total susceptibility of the system x'(w) is shown as well (thick solid line).
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X’ ’1j(('0)

2

10

Fig. 5. Enlarged plot of xg;_s,"(®), xs;-s," () and yp_p"(w) defined in Fig. 4. The position of the two maxima in the total

susceptiblity x”(w) is indicated by the two vertical lines.

despite the small relative weight of the S1-phase
(cf. again the average volumes in Table 2). The
peak in the spectrum of the second shell lies at
about the same frequency as that of bulk water.
The magnified plot (Fig. 5) clearly shows the
differences between xg,_s," and xg,_g,". Their
position relative to the cumulative water peak in
x"(w) is made clear by the thin, dotted line
indicating the position of x" .. w-

A number of conclusions can be drawn from
these first results. The first solvation shell can be
clearly distinguished from bulk water. By con-
trast, the dielectric properties of S2 already re-
semble those of the bulk phase. However, a small,
but non-negligible influence from the interaction
between the protein and the bulk phase (i.e. only
those waters not in the immediate vicinity of the
protein) could be discerned, both in the static
contribution, as well as in the frequency-depend-
ency of the total susceptibility. The results illus-
trate how a ‘dielectric component analysis’ can
aid in understanding the overall dielectric behav-
ior of the full system.

5. Summary, discussion and outlook

We have presented two related contributions
relevant to the study of solvated macromolecules
by computer simulations. The DFE framework
introduced in Section 2 connects several compu-
tational methodologies (OM, MM, CE) and pro-
vides the theoretical basis for a more accurate
description of solvated biomolecules. The need to
adjust dielectric boundary conditions follows from
the DFE approach, and this was illustrated by a
study of the spatially resolved dipolar correlations
in TIP3P water [55]. The theory required for a
decomposition of the dielectric properties of mul-
ticomponent systems, a generalization of the ear-
lier work by Loffler et al. [27], was presented as
well. First results of an application to a system
consisting of a small protein in aqueous solution
compared the dielectric behavior of the first two
solvation shells and bulk water.

The last years have seen many important im-
provements in QM, MM and CE. Combined ap-
plications of these three methodologies become
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more and more frequent to help address the
ever-increasing challenging problems of computa-
tional chemistry and molecular biology. We pro-
pose the DFE formalism as an aid in managing
some of the difficulties that arise when employing
them together. It makes clear the common ele-
ments of QM, MM and CE treatments and
permits the use of modified Coulomb interac-
tions, as is often necessary in practical work. The
DFE shares this last characteristic with the com-
puter-adapted dielectric theory of homogeneous
liquids [51]. Both are adaptations of the general
theory [29,46] to the special situation encountered
in computer simulations. The somewhat atypical
point of view presented here with respect to QM
may prove helpful in combined approaches (see
below). For the CE regime, an orthogonal ap-
proach to the ubiquitous PB methods [1,41-45]
was outlined. While not in the least intended to
replace PB calculations, which have amply de-
monstrated their utility, the derivations show that
a CE treatment more consistent with QM and
MM methods exists. The approach outlined here
is based on the electric field rather than the
potential, and, in accord with the general DFE
formalism, modified electrostatic interactions are
straightforward to incorporate.

Perhaps the most interesting consequence fol-
lowing from the DFE framework concerns the
combination of CE and QM methods. In current
QM calculations the need to account for the
surrounding (dielectric) environment is gradually
being recognized. Most frequently, a spherical
cavity in combination with a multipole expansion
is employed [5,6,13]; coupling with PB methods is
also possible [70]. The CE treatment outlined
here provides the basis for an alternative: Just as
the charge density pg,, of the QM region directly
enters the suggested CE approach, the dipole
density Pcp can be fed back into the QM region
as follows: from Eq. (40) one sees that — V- P is
equivalent to a charge density which can be inter-
preted as a ligand field. Using standard tech-
niques (i.e. pseudo nuclei as in standard ligand
field theory), a corrected quantum mechanical
solution can be obtained. The respective con-
verged solutions for the field of the QM and the

CE regions are then obtained by repeating the
steps just outlined; in other words, another self-
consistent-field cycle is added to the iterative
procedures already required for both the QM and
the CE treatment.

It is of interest to compare the principles of
combining QM and CE just discussed to coupling
of MM and CE within the DFE formalism. For
pairwise additive force fields [35-37], the MM
contribution is evaluated as usual. Then pyy,
serves as the input for the CE method, similarly
to the QM case; the resulting field from CE is
added to the net field (cf. Eq. (43)). There is no
further interaction between the two methods. This
changes for polarizable MM force fields since in
this case the CE solution affects the MM region.
The corrected MM charge density has to be fed
back into CE, until converged solutions are ob-
tained in both regions. Thus for polarizable MM
force fields coupled to a CE region, there is a
high degree of analogy to the combination of QM
and CE, as also observed in [14].

The results of the re-analysis of a 12-ns trajec-
tory of a zinc finger peptide in aqueous solution
[27] show the type of information that can be
obtained from a combination of the generalized
computer adapted dielectric theory presented
here and the method of Voronoi polyhedra. The
differences between the first solvation shell and
bulk water could be clearly discerned. While most
cross-terms were small, there was a non-negligi-
ble contribution from coupling between the pro-
tein and the bulk water phase. This emphasizes
the non-locality of the component susceptibilities,
and we repeat that the €(w) cannot be equated
with an intrinsic DC of the respective region.

The present analysis is only preliminary since it
is limited by the use of a bi-exponential decay
function for all dipole—dipole time correlation
functions. Because of this, the frequency depen-
dence of the various contributions to the dielec-
tric constant are effectively modeled by only two
parameters, potentially obscuring subtle details.
Furthermore, a few cross-correlation functions
could not be fitted at all; however, their contribu-
tions are expected to be small. Considering that
little is known about the behavior of such cross-
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correlation functions, various functional forms of
fitting functions, as well as numerical Fourier—
Laplace transforms of the raw data will have to
be compared carefully for a final analysis. These
studies are currently being carried out.
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Appendix A: Theoretical basis of a dielectric
component analysis

This Appendix contains the detailed derivations
of the steps required to decompose the dielectric
properties of a solvated biomolecule, including
charged groups and ions. It complements Section
3.

A.1. Global dielectric properties of dipolar systems

We first give a summary of the relevant results
from computer-adapted dielectric theory of
molecular liquids [51]. Any time-dependent exter-
nal field Eo(t) may be resolved in Fourier compo-
nents

E,(t) = fdwefwfﬁo(w), (72)

and linear response theory (LRT) allows the sep-
arate calculation of each frequency component. It
suffices to consider a spatially homogeneous field
since we are only interested in the k=0 limit of
the response (cf. Section 3). The polarization P(k
= 0,) induced by a spatially homogeneous exter-
nal field E,(r) in a system having volume V and
temperature T is given by

1

P(k=0,0) =
As in Section 3, ®(¢) is the time correlation
function of the system dipole moment (M(0)-
M (t)) the dot denotes the derivative with respect
to time, and the Fourier—Laplace transform L[ f]

was defined in Eq. (65). The macroscopic counter-
part of this microscopic result from LRT is the
so-called constitutive relation [29]

P(k=0,0) = )((l?= 0,0)E(k=0,0)

Ce(k=0,0)—1 2>
= TE(]C—O,CU) (74)

Eq. (74) is the k =0 limit of Eq. (60). The fre-
quency-dependent susceptibility )((k 0,w) =
x(w), or, alternatively, the frequency-dependent
DC e(w) are a unique material constant of the
system. Combination of Egs. (73) and (74) leads
to

1
Vk,T

(e(w) = DER =0,0) = 43—7’

XL[-®1E,(k=0,0) (75)

The relation between the external field E0 and
the Maxwell field E, ie. the k=0 limit of the
field acting in the simulation system as defined by
Egs. (6) and (43), was shown to be [51]

- — 3
Etk=0,0)= 073
3 e(w)— > _
X|1— 4WmT(k—0) Eo(w) (76)

Here T(k = 0) is the spatially averaged (i.c. kK = 0)
T-Tensor defined by Eq. (9) for the (possibly
modified) Coulomb potential ¢ (cf. Section 2.1.1).
Next, we insert the T-Tensor appropriate for the
Ewald summation method with adjusted dielectric
boundary conditions (cf. discussions and deriva-
tions in Section 2.2 and Neumann and Stein-
hauser [52]).

PN 477 20 — 1) o

T(k=0)= - ————1I, (77)
3 26l +1

where [ is the unit tensor. In passing, we note
that an identical expression holds for the spheri-
cal reaction field when €, is replaced by egp.

Thus, upon combination of Egs. (73), (74), (76)
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and (77), one obtains the final expression

el +1 47 1 :
~1 _m L -d
(e(w) )26§f\fv+e(w) 3 Vk,T [~ @]

(78)

Eq. (78) is the sought after connection between
the frequency-dependent DC e(w) of the probe,
L.e. the simulated system, and the time correlation
function ®(¢) of the total dipole moment M, a
quantity that can be obtained from the simula-
tion.

The static DC can be obtained as a special case
of the general relation (Eq. (78)) for zero fre-
quency. With

—_d — - * _@ _ 2
LI—®(w=0)] fodt( dt) (M2  (79)
one finds

o 2epw 1 4 (M?*)
() = D5 = F T T (80)

which was used in Section 4.1. One clearly sees
how the scaling factor (2egl, + 1)/ e, + €(0))
accounts (and corrects) for the influence of dif-
ferent dielectric boundary conditions with respect
to the computation of the static DC.

A.2 Dielectric component analysis

The results of the previous subsection (Egs.
(78) and (80)) were originally derived for the case
of a homogeneous molecular fluid [51]. However,
they are equally applicable to obtain the global
dielectric properties of a multi-component (e.g.
solute—solvent) system, provided that there are
no ions or charged groups present, since in this
case the net dipole moment is not uniquely de-
fined [24,47,50]. Based on the work of Caillol and
co-workers [71], the necessary generalization was
given recently for a system consisting of a protein,
solvent (i.e. water) and counter-ions [27]. Here we
present a more concise derivation compared to
Loffler et al. [27]. We first show that the formal-
ism of the previous subsection can be extended to

compute the contributions of individual regions
of a dipolar multi-component system to the total
DC; then we show how to handle complications
due to the presence of ions or charged groups.

A.2.1. Dipolar components

The linearity of the LRT and of the constitu-
tive relation makes possible the following decom-
position of dielectric properties. Splitting the net
polarization (Eq. (16)) as in the DFE formalism,
one obtains immediately

Plw) = MbTL[—d»,.]EO(w), (81)
as well as
o)=L ), (82)

A few comments are in order. While LRT decom-
position (Eq. (81)) may be done up to any desired
granularity, application of the constitutive rela-
tion (Eq. (82)) is limited by the requirement that
the respective region, for which an individual DC
€(w) is calculated, is large enough so that it
behaves like a piece of dielectric material. The
limits of granularity can only be determined by
practical calculations, such as the results for the
zinc finger peptide presented here (Section 4.2).

We continue by using the field relation (Eq.
(76)) in combination with Eq. (77) as in the case
of homogeneous systems (cf. also Appendix I of
[27D. This last step is consistent with both the
DFE framework and the definition of the y.(k,®),
since we have

P(k,0) = Y %,(k,0)E(k,0) = Y P(K,0). (83)

Eq. (83) follows from inserting Eq. (61) into Eq.
(60), and it is the k-space equivalent of the de-
composition of the charge or dipole densities
(Egs. (15) and (16)) in r-space entering the DFE.
One sees that the decomposition of the polariza-
tion requires the use of the Maxwell field of the
full system in Eq. (82). Furthermore, it matches
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our ansatz for the decomposition of the suscepti-
bilities introduced in Section 3 (Eq. (61)).

Thus, one finds the following expression for a
DC component

2epy +1 47 1
(o) —1 EW _am
(e(w) )26§§§,+e(w) 3 Vk,T

L[-d,].

(84)

with

K K
(1) = Y @, (1) = Y (M0)-M()). (89

j=1 j=1

With €&, = o (tinfoil boundary conditions), Egs.
(84) and (85) simplify to Eq. (63) used in Section
3. Furthermore, the two equations are a general-
ization of an old result by Frohlich. For the case
=0 (cf. Eq. (79)) and assuming (i) that e, =
€(0); and (i) that cross-terms are not important,
Eqgs. (84), (85) are equivalent to Eq. (7.43) of
Frohlich [72].

A.2.2 Additional ionic component

Biopolymers often contain charged groups
which necessitate the addition of counter-ions to
ensure electroneutrality. Complications related to
this are also discussed in Boresch and Stein-
hauser [50], where it was shown that any ionic
contribution to the system dipole moment has to
be formulated as an integral over the net current.
An analogous approach makes possible a general-
ization of the decomposition of dielectric proper-
ties for systems containing ions and charged
groups. This is essential even for the study of
global dielectric properties when charged groups
are present.

Using_the constitutive relation for the current
density j(w)

U ACY)

() = "5~ = 0 (0)E(w) (86)

and combining it with LRT one finds

26l + 1
26l + e(w)

_4m 1
=3 Tk, T

g(w)
L{<J;0)-J,(1)y —d,(6)|. (87

which connects the conductivity o(w) with the
cross-correlation between ionic current J, and
dipolar contributions ®,(¢), defined as

K
D,(1) = Y <J;(0)-M(0)) (88)

j=1

To obtain the generalized expression for the indi-
vidual DC in the presence of free ions or charged
groups, three steps are required. First, the rela-
tionship between current J; and dipole moment
M,

T =M, (89)
implies
d = — — 5
37 {10 - M, (1)) = (J,(0)-M, (1))

= (J;(0)-7;(£)) (90)
which explains why the current autocorrelation
function, as well as the cross-correlation between
current and dipolar components appear in Eq.

(87). Furthermore, one also needs the following
two identities

(J;(0)- M (1)) = (J;(—1)-M;(0))

— (M,(~0)-M,(0)) (o1)
and
(M, (=0)-M(0)) = — (M (1) -M(0)) (92)

For =0 this last expression implies that the
static correlation

(J(0)-M,(0)) =0 (93)
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vanishes. Thus, one obtains as the generalization
of Eq. (84)

2 +1 47 1
(o) —1 EW _am
(e(w) )ZEEf\fv+e(w) 3 Vk,T

XL|—d, + (M.(0)-1,(t)) (94)

Finally, the relation between current and dipole
moment of ionic components (Eq. (89)) helps in
deriving the generalized constitutive relation

P(w)=3(0)E(w) (95)

for the global, generalized DC or conductivity

5(0) = () + Xle(w) -1 (96)

that is appropriate for this case.
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